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Abstract 

Two-dimensional quantum gravity with an R 2 term is investigated in the 
continuum framework. It is shown that the partition function for small area A 
is highly suppressed by an exponential factor exp{—2n(l — h) 2 /(m 2 A)}, where 
1/m 2 is the coefficient (times 32-7r) of R 2 and h is the genus of the surface. 
Although positivity is violated, at a short distance scale ( <C 1/m) surfaces are 
smooth and the problem of the branched polymer is avoided. 
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Great progress in the formulation of 2d quantum gravity has been made since the 
equivalence of 2d quantum gravity and dynamical triangulation (DT)0 was estab- 
lished. Conformally invariant matters with Virasoro central charge 
cm < 1 can be consistently coupled to 2d gravity M M and correlation functions com- 



puted in both continuum and DT approaches coincide. |T0[ The partition function for 
fixed area A is given by || 

Z(A) = const. A^ CM ' h) ~ 3 e~^ A , (1) 

where 7 sir is the string susceptibility || || 



lstr(c M , h) = —[c M - 25 - ^(25 - c M )(l - c M )](l -h)+2, (2) 

h is the number of handles of the closed orientable surface and /i is the renormalized 
cosmo logical constant. Note that 7 str is real for cm < 1. 

If cm > 1, however, 7 str becomes imaginary and the continuum approach fails in 
quantization of 2d gravity. The system is in a branched polymer phase and a full-fledged 
surface theory has yet to be found. However, there have been several attempts to 
circumvent the cm = 1 barrier, e.g., the extrinsic curvature term, W gravity, quantum 
groups, etc. In this letter we will consider the R 2 gravity theory. As is well-known, 
surfaces have many spikes corresponding to large local fluctuations. At the ends of 
spikes large scalar curvature R is localized. To smooth out surfaces we have to disperse 
localized curvature all over the surface. Adding the R 2 term to the action will suppress 
wild fluctuations of We will investigate the R 2 gravity within the framework of 
conformally invariant field theory and show that the R 2 term affects the short distance 
property of surfaces and the problem of the branched polymer is avoided. 

We will consider a gravity theory described by an action 

where R is the scalar curvature, no the bare cosmological constant and m a coupling 
constant of mass dimension 1. This is a fourth-order derivative theory and rather 
difficult to work with. We will instead introduce an auxiliarly field x an d define our 
theory by an action: Q 

S x {x; 9) = 7T f d 2 Xy/g(-iR X + m 2 X 2 + W (4) 



1 This term was first introduced in 11 . 

2 Gaussian integration over \ i n the conformal gauge (0) will formally yield a factor 
Y[ x exp{— which is equal to exp{j^SL(4>] g)} when evaluated by using Heat kernel method. 
This cancels RHS of eq (14) hence the theories (||) and (|J) are equivalent. 
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The partition function is given by 

Z -Jvol(Diff) e ' (5) 

where Sm(X 4 ; g) is the matter action given by 

S M (X l ; g) = ±- I d 2 x^gg^X%X\ (6) 

Here X l (i = 1,2, ■ ■ ■ ,d) is a scalar field taking values in R d . The action and the 
integration measure in the partition function are invariant under diffeomorphisms. 
Hence the measure is divided by the volume of the diffeomorphisms, which is denoted 
by vol(Diff). 

In the conformal gauge we set 

g^ = g, v {x;r)e^ x \ (7) 

where <f>(x) is a conformal mode and <? M „(x;r) is a background metric which depends 
on additional parameters, moduli r. The integration measure T> g X is induced from the 
following metric in the functional space of X 1 

\\8X% = J d 2 x^g(6Xr = J d 2 xfge\5X i ) 2 . (8) 

Although SM(X l ;g) = Sm^X 1 ;^), i.e. Sm is independent of <f>(x), T> g X depends on 
4>(x) via conformal anomaly 

V g X = V g Xexp{^.S L (cl>;g)}. (9) 
Here cm = d and Sl(4>; g) is the Liouville action: 

S L (<j); g)= J d 2 xfg (^d^d^ + + 2^). (10) 
The measure D g g is defined by the metric 

INI? = / d 2 x^g {g^g x " + a g^g^)5g, x 5g vp , (11) 
where ao is a constant. This induces the following metric in the functional space of <fi 
\\5<j>\\ 2 g = 2(1 + 2a ) J d 2 xfge*(5<P) 2 oc J d 2 x^g{5<t>) 2 . (12) 
This metric is identical with the one in eq(^j), and we have 

V g <p = V g <f ) exp{^S L (<f ) ;g)}- (13) 



Similarly we obtain 



v g x = Vaxexpi-^SL&g)}, (14) 



V g bV g c = V g bV g cexp{-^ z S L {<j)-,g)}, (15) 



-26 

48?r' 

where b (= b^) and c (= c M ) are the reparametrization ghosts. 
The partition function (0) now takes the form 

Z = Jdrj V^V gX V s XV g bV g c exp{-S (<j>,X9) ~ S M (X l ;g) - S gh (b,c; g)}, (16) 
where 



d- 24 

"487T 

and S g h(b, c; g) is the action for the ghosts. By using 



S (</>, x; $) = 5 X ( X ; e^) - -^S L (fr g), (17) 



^gR = ^g(R-W^), (18) 

we have 

1 /■ r 24 — d 

-iRx + 24 ~ ^ + mVx 2 + 4/ie^}. (19) 
6 

The last two terms should be renormalized. To fix the forms of renormalized operators 
we note that the partition function ([TBI) should be invariant under the transformation 
given by g] 

g»v(x) -> g^(x)e a{x \ 
(j){x) -> (j>{x)-a{x), (20) 

because the original theory (^) is defined in terms of cf) and g^ through the product 
e ■^gfu/(x). It is easy to check that if m 2 = jj, = 0, eq(p^6|) is invariant under the 
transformation fl2T|). Therefore the terms y/ge^x 2 an d v^ e<?i should be renormalized 
so that they are invariant separately. Equivalently we may regard these terms as 
perturbations and demand that these operators have conformal weight (1,1). The 
unperturbed (m 2 = /i = 0) theory is conformally invariant and the stress tensor T zz is 
given by 

T zz = \ : d eX dA : : [d^f : -fa + (21) 

The operator product expansion (OPE) of T zz can be computed by using 

24 — d 

X(z)x(w) = 3 — In(z-w), 

x(z)(f)(w) = —2i\n(z — w), 

<Kz)<i>{w) = 0, (22) 
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and we find that the central charge of Virasoro algebra generated by T zz is given by 
26 — d, which indeed cancels the central charges of the matter and ghosts. 

Instead of renormalizing y/ge^ and y/ge^x 2 separately, we will consider a general 
operator _ 

K (O) (0,X) = v^ e V- (23) 
To renormalize V^ -* we consider the following vertex operator 

V(c/>,x;a,P)=:e a ^:, (24) 

whose conformal weight is found, by using eqs fl2l"D and (|||), to be 

24 — d 

A (a,/3) =a + 2ap+— —f$ 2 . (25) 

o 

Demanding A (a,/3) = 1 yields 

« = «(/?) = 1+ 6 2 / = 1 - W + ^ E(-2/^) n , (26) 

and by expanding V(0, x; a(/3), /3) in powers of /3 we obtain an infinite set of (1,1) 
operators V n (<f),x), 

r d °° 

V{4>,xMP),P) = v / ^ :e M0 + /5(^-20) + -E(- 2 / 5 ) n 0}:, 

/4 n=2 

= EfKfo). (27) 

n=0 

Renormalization modifies V^°\(f), x) into V^(0, x), the first few of which read 

^i(0,x) = v^ :e0 (x + 2^):, 

W, x) = v^ :e0 {(x + 2^) 2 -^}:, 

V 3 (<I>,X) = v / ^ : e {(x + 2^) 3 -rf(x + 2#)0-2zd</»}: . (28) 

The cosmological term is not renormalized because 0(z)0(w) = 0. By taking into 
account renormalization of \fge^x 2 an d \fg^ and defining a new field F according to 

F = X + 2*0, (29) 
we rewrite the action ([T9"D in the form 

S{<f>, F; g) = S o (0,F-2z0;£) 

= -L | d 2 xJg{r v {-id^d v F - ^d^d^) 

—iRF + ^-^i?0 + m 2 : e^(F 2 - ^0) : +4/^}. (30) 
6 3 



The partition function for fixed A is given by 

Z(A; m, n) = J dr J V S (f)V g FV s XV s bV s c S( J d 2 x<fge* - A) 
exp{-S{<f), F; g) - S M (X l ; g) - S gh (b, c; g)}. 

We integrate over the zero mode of </>. We define 

<f)(x) = 4>(x) + 0o, 

where 0o is a constant. By using 

J d 2 x^~gR = 8tt(1 - h) 
(h is the number of handles) and 

6( J d 2 x^ - A) = j5((f>o + ln{± J d'xfge*}), 
we integrate over <f) to obtain 

Z{A; m, fj) = A- 1+ ^ l ~V A^ m " A e~^ A Y(m 2 A). 
Here Y(m 2 A) is defined by the following integral 

Y(m 2 A) = JdrJ V^V s FV s XV s bV s c (G^])^ 1 ^-^^ 

ezp[- J- / d 2 xJg~ {r v {-id^d v F - £-d„$dv$) ~ iRF 

o7T J IZ 

- ±m 2 A(G$)-i [ d 2 x{g : e*{F 2 - U} : 
o7T J v o 

-S M {X l ;g) - S gh (b, c;g)}, 

where _ 

G[j>] = J d 2 xfget 

We wil show below that 

Y{m 2 A) ~ const. exp { * — (1 — h) 2 } for m 2 A — ► 0. 

From eqs (|35|) and (|3^) we obtain the following asymptotic form for Z(A; m, fi) 

Z(A;m,fi) ~ const-A 7 ^™ 2 ^- 3 exp{ — ^-(1 - /i) 2 } e -£(M+*>om 2 M 
for m 2 A — > 0, 



where 60 is a constant and 

lstr (h, m 2 A) = 2 + d -^{l -h) + ^-m 2 A (40) 

O 247T 

is the string susceptibility. Note that this depends on the area A and 7 s t r is real for 
any value of d. 

To estimate the limit m 2 A — ► 0, we have to pay special attention to the F zero 
mode, F . If we formally set m 2 A = in eq the potential for F is given by 



J d 2 xJg~RF = - h)F . (41) 



This is not bounded even if F is analytically continued to iF and the integral is not 
well-defined. In order to take the correct m 2 A — > limit, we set 

F(x) = P[x) + «M, (42) 
m A 



and substitute this into eqfl3"6|). Then F dependent part of eq ( |36| ) can be rewritten as 
follows 

- — f d 2 x x fg~(-ig^dJd u F - iRF) - -LHA f d 2 x\f~g : S>F 2 : 

= -±Jd 2 xfg(^d»4>d u F - i:F{R-^^}:) 

1 m 2 A /" )2 p 7 ~ 2 2tt(1 - /i) 2 

' c/ 2 x^ : e F 2 : - — ^ - ; . (43) 



8tt J v mM 
The first line on the RHS is invariant under the transformation 

F(x) -> F(x) + const, (44) 

and so the volume of F integration factors out in the limit m 2 A — > 0. 

This result can also be derived as follows. By formally integrating over F in eq (|30"D 
we obtain an effective action (see footnote 2), 

= ^ J ^fal^a"^^ + 1 ^ L R4> - \m 2 <t** + Ve*] 

+k\* x h*#- < 45 » 

In the limit m — > we end up with a constraint R = 0, which is inconsistent with 
/ d 2 x^fg~R = 8n(l — h). Indeed a correct constraint has to be 

R = P = ^(l-h). (46) 



Hence we obtain Q 

— [ d 2 xJgR 2 = — I d 2 xJg\(R - pf + 2pR 

32^2 [ / d 2 x^-g{R - p) 2 + 167rp(l - h) - p 2 A], 



P 2 } 



i r ,9 ^/ s9 2tt(i - /t) 2 

—j / d 2 *^ i2 - p 2 + 1 J . 47 



327rm 

As for the m 2 A — > oo limit, we cannot directly investigate eq (|36|) because the x mass 
term is a perturbation. Actually the potential in eq (^) (after analytical continuation 
F -> iF) 

#F + }^—Ar<P + m 2 : e *(-F 2 - -0) : +4/ie^ (48) 
6 3 

is not bounded below for F — > ±oo or in the IR limit — > +oo if d > 0. By a 

physical consideration, however, we expect that the scalar field x with infinite mass 

will decouple from the rest of the system. In other words the R 2 term will not affect 

the long distance physics and the asymptotic behavior of Z(A;m,p) will be given by 

Z(A; m, n) ~ const. A 1 ^ r e~^ A for m 2 A — > oo, (49) 

where 7^, is the string susceptibility of 2d gravity without the R 2 term|| ||: 

iTtr = i[d - 25 - ^/(25-d)(l-d)](l -h) + 2. (50) 

From the above results (|39"D and (|49|) , we can draw the following conclusion. Due 
to the exponential factor in eq ( p9|) the partition function for A <C 1/m 2 is highly 
suppressed. Therefore at a length scale smaller than 1/m surfaces will be smooth. On 
the contrary at a length scale much larger than 1/m surfaces will have spiky structures 
and if d > 1, they will look like branched polymers. 

We can study roughness of surfaces by marking a point P on a surface £ and 
considering a connected region consisting of points within geodesic distance r from P. 
If E is flat, this region will be a disk. If E is fluctuating and has spikes, this region will 
have many boundaries. Recently the number of boundaries whose length is in between 
I and / + dl, f(l,r)dl, was derived in pure gravity without the R 2 term. M 




f(l,r)dl~-e-^ r i- +- - +- - )}dl (51) 



This is singular for I — ► and so there are an infinite number of very thin spikes. 
We find that the number of boundaries Jq°° dlf(l, r) and the total length of boundaries 

3 When m — > 0, (327rm 2 ) -1 J d 2 x^fg(R—p) 2 is equivalent to / cPxy/g$>(R—p), where $ is a Lagrange 
multiplier field. The latter action was studied in |Q. Since p = 8tt(1 — h)/ j d 2 x^fg (cq([46|)), this 
action is non-local in contrast with (327rm 2 )^ 1 J d 2 x s fgR 2 . 
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f£° dlf(l,r)l are divergent. If we introduce the R 2 term to the action, spikes of size / 
smaller than 1/m may be suppressed in the same fashion as surfaces of area A smaller 
than 1/m 2 are. This deserves a further study. 
Finally let us give a few remarks. 

1. R 2 gravity theory does not satisfy positivity. This can be easily seen by analytic 
continuation x ~~ * ix- We have a particle of mass ~ m with a wrong-sign kinetic 
term. 

2. If we consider a x potential V(x) different from m 2 x 2 , we obtain a model in a 
different universality class. For an action 

S = ±- / d 2 x^(R X - m 2 X 2p + 4// ), (52) 
the partition function behaves as 

Z{A) ~ A ^exp{-^^(1 - h){ Ml ~ *> }VflP-i)i e -fe* 

2p pm A 

for m 2 A -> 0. (53) 

3. We can slightly generalize the model@ by introducing a kinetic term for x 

S x (x; £,£) = — | Avs(^fWx + mY-* + W, (54) 

where £ is a parameter and in the limit £ — > oo this action coincides with eq (f|).[] 

Quantization of the model (^4|) proceeds in a parallel fashion with the previous 
analysis of eq (f|) . The main difference is that the cosmo logical term is renormal- 
ized \fg : exp(a<j)) : and there are two possible values of a = a±, where 



a ± = -[2A-d + 12^ ± vH^ 2 - d)(24 + 12£ 2 - d)}. (55) 

The values of a± are real and positive if 

d < 12£ 2 or d > 12£ 2 + 24. (56) 

We will restrict attention to the region d < 12£ 2 which is accessible from the 
semiclassical limit. In the limit £ — > oo or d — > — oo, approaches 1 but a + 



4 This model has a geometrical meaning. In the previous argument the world-sheet geometry was 
assumed to be torsionless. The model (|54| ) can be shown to be identical with the R 2 gravity theory 
with torsion^) with the spin connection uj^ integrated out. 
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blows up. Therefore we should choose a_ as the correct value. The renormalized 
X mass term is given by 



m \l g : e 



2A-d + 12£ 2 
\ -d + 12f 



4£ 2 d 



24 - d + 12£ 2 
d+l2£ 2 \ -d+l2£ 2 



(57) 



By an analysis of the partition function for fixed area, Z(A; £,m, fi), we obtain 
an asymptotic form for m 2 A — > oo which is the same as eq(|39|) with the string 
susceptibility ■y str fl4"D|) modified according to 



j str (d, h,£,m 2 A) 



2-A 



24-d+12£ 2 2 
12 ^ 



24 - d + 12£ 2 



+ 



2A-d + 12£ 2 
27ra_(-rf+ 12^ 2 )^ -d + 12£ 2 



m 2 A. 



A-h) 
(5f 



We are grateful to Y. Okamoto for discussions and to N. Kawamoto for comments. 
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